In this article, we derive an expression for the complex magnitude of the Dirichlet beta function β(s) represented as a Euler prime product and compare with similar results for the Riemann zeta function. We also obtain formulas for β(s) valid for an even and odd kth positive integer argument and present a set of generated formulas for β(k) up to 11th order, including Catalan's constant and compute these formulas numerically. Additionally, we derive a second expression for the complex magnitude of β(s) valid in the critical strip from which we obtain a formula for the Euler-Mascheroni constant expressed in terms of zeros of the Dirichlet beta function on the critical line. Finally, we investigate the asymptotic behavior of the Euler prime product on the critical line.
Introduction
The Riemann zeta function is classically defined by a series ζ(s) = lim k→∞ k n=1 1 n s , 
For s = 1, the series diverges asymptotically as log(k), where γ = 0.5772156649 . . . is the Euler-Mascheroni constant. The special values for even positive integer argument are given by the Euler's formula
for which the value is expressed as a rational multiple of π 2k where the constants B 2k are Bernoulli numbers denoted such that B 0 = 1, B 1 = −1/2, B 2 = 1/6 and so on. For odd positive integer argument, the values of this series converge to unique constants, which are not known to be expressed as a rational multiple of π 2k+1 as occurs in the even positive integer case. For n = 3, the value is commonly known as Apéry's constant, who proved its irrationality in 1979. Moreover, the Riemann zeta function has a prime product representation
where p n is a sequence of nth prime numbers denoted such that p 1 = 2, p 2 = 3, p 3 = 5 and so on. In the previous article [4] , we obtained an expression for the complex magnitude of Euler prime product as
for σ > 1, which for a positive integer argument σ = k simplifies the zeta terms using (3), resulting in
Using this form, the first few special values of this representation are
where we let t = 0 and reduced the hyperbolic cosine term. The value for ζ(1) in terms of Euler prime product representation is asymptotic to e γ log(p k ) due to Merten's theorem [3, 7] . The values for ζ(2k) have prime products of the form
which yields a rational constant for some a, b ∈ N such that the full product (6) will simplify to Euler's formula (3) . For example, for k = 2 we have
But for the odd case, however, it is not known whether the prime product simplifies to a rational constant. For example, for k = 3 we have
Also, the Riemann zeta function has an alternating series representation
whose domain of convergence is valid for (s) > 0, with some exceptions at (s) = 1 due to the constant factor. The non-trivial zeros of ζ(s) are constrained to a critical strip region 0 < σ < 1, and hence they are zeros of the alternating series representation (11). Hardy proved that there is an infinity of non-trivial zeros on the critical line at σ = 1/2, and the Riemann Hypothesis proposes that all non-trivial zeros should lie on the critical line at σ = 1/2, which to date remains unproven [2] . For a positive integer index q, we denote a qth non-trivial zero on the critical line as ρ q = 1/2 + it q . The first few non-trivial zeros on the critical line have imaginary components t 1 = 14.13472514..., t 2 = 21.02203964..., t 3 = 25.01085758... (shown to eight decimal places) which are found numerically. From [5] , we have an expression for the complex magnitude of this representation as
where C is a constant and it is assumed that the index variables satisfy m > n starting with n = 1. If we then consider solutions to | ζ(s) | 2 = 0 (13) on the critical line at σ = 1/2, then the complex magnitude induces an asymptotic harmonic series (2) when one considers the infinite series asymptotically as k → ∞, from which we obtain the Euler-Mascheroni constant as
for all q = 1, 2, 3 . . . , which is expressed as a function of individual non-trivial zeros on the critical line. On the other hand, a Dirichlet beta function is defined as
which is convergent for (s) > 0, and for which the values at odd positive integer argument is expressed as a rational multiple of π 2k+1 as
where the constants E 2k are Euler numbers denoted such that E 0 = 1, E 2 = −1, E 4 = 5 and so on. More specific details about Bernoulli and Euler numbers can be found in reference [1] . The first few special values of the Dirichlet beta function are
in which the even order case admits a unique value that is not known to be expressed as a rational multiple of π 2k . The value for β(1) is related to tan −1 (1). The value for β(2) is also known as the Catalan's constant G, but it is not known whether it is irrational. Also, the Dirichlet beta function has a prime product representation as
which is convergent for (s) ≥ 1, where χ 4 (n) is the Dirichlet character modulo 4 defined as
but for a prime argument p > 2, it reduces to a simple alternating sign function
In this article, we will explore the complex magnitude of the prime product representation of the Dirichlet beta function in more detail and develop formulas for β(k) up to 11th order, including the Catalan's constant, which is summarized in Appendix A. Also, the numerical computation of these results is summarized in Appendix B. Furthermore, the Dirichlet beta function has non-trivial zeros in the critical strip. We do not know whether there is an infinity of zeros on the critical line, but it most likely is just as in the ζ(s) case. We also do not know whether all zeros lie on the critical line. The zeros β(s) found numerically thus far do indeed lie on the critical line, so we denote a qth non-trivial zero as ρ Bq = 1/2 + ir q . The first few non-trivial zeros on the critical line have imaginary components r 1 = 6.02094890..., r 2 = 10.24377030..., r 3 = 12.98809801... (shown to eight decimal places) which are found numerically. Hence, we find an expression for the complex magnitude of the alternating series representation (15) and then similarly obtain a formula for γ as a function of non-trivial zeros of the Dirichlet beta function on the critical line.
Finally, using the presented results, we will investigate the asymptotic behavior of the Euler prime product on the critical line, and note that it contains the ζ(1) singularity.
Dirichlet beta prime product
By substituting the complex argument to the beta function, and following the derivation in [4] , we obtain a similar result
hence we obtain a formula for the complex magnitude as
Since χ 4 (2) = 0 and χ 4 (p) 2 = 1 for p > 2, we can extract the term (1 + 1/2 2σ ) to obtain the final representation as
for σ ≥ 1. By simplifying the zeta terms further, and letting σ be a positive integer k, then we have
This form is a slight modification of (6), having only a 1 + 2 2k in the factor and the Dirichlet character in the prime product. From this, we can observe that the prime product term at odd positive integer argument yields a rational constant of the form
for some a, b ∈ N such that the full product (24) will simplify to (16). We next will evaluate this representation for the first few special values.
Evaluation of β(1)
By setting k = 1 and t = 0 into equation (24) yields
From this, we can deduce that the prime product term yields a rational constant
where we obtain the familiar result
In the next example, we evaluate the complex magnitude of β(1 + i) as
Evaluation of β(2)
By setting k = 2 and t = 0 into equation (24) yields a formula for Catalan's constant
The prime product term results in a constant
which is not known to be rational, as in the odd order case. In the next example, we evaluate the complex magnitude of β(2 + i) as 
In the next example, we evaluate the complex magnitude of β(3 + i) as 
Dirichlet beta alternating series
We consider evaluating the complex magnitude of an alternating series representation of the Dirichlet beta function (15) for s = σ + it on the critical strip 0 < σ < 1 which results in a form
where the constants A and B are the real and imaginary parts of the infinite sum term of (15) as
(−1) n (2n + 1) σ sin(t log(2n + 1)).
(38)
We note that since A and B are convergent in the critical strip, their squares are also convergent, and so the complex magnitude is convergent. When one expands the sum of squares of A and B, we obtain a double series formed by the complex magnitude, and using a trigonometric identity simplifies the sum of cosine and sine products into a more compact form
We then observe that due to the symmetry of the double series we can re-arrange the terms into diagonal (m = n) and off-diagonal (m = n) sums, hence we have 
where r q is the qth imaginary component of a non-trivial zero of β(s) on the critical line. We note that these sums are divergent, but they must cancel since (39) is convergent. Therefore, when we treat these divergent sums in a limiting sense, then we can deduce an asymptotic relationship for harmonic series for an odd positive integer index as k n=0 1 (2n + 1)
which easily follows from (2) . The second term is the new series expressed in terms of a single zero of β(s) on the critical line. It then follows that the formula for the Euler-Mascheroni constant is
(2m + 1)(2n + 1) cos r q log 2m + 1 2n + 1 − log(4k) (44) as k → ∞, where in this form, we absorbed the negative sign by the alternating sign index n + 1. The index q of a r q zero is possibly valid from 1 to infinity. It is not known whether there is an infinity of zeros of the Dirichlet beta function on the critical line to the best of my knowledge. In Table 1 , we numerically compute the Euler-Mascheroni constant by equation (44) for the first ten zeros at k = 10 5 in the Matlab software package. We used the non-trivial zeros from the LMFDB database [6] . We note that convergence is stable and accurate to four decimal places. The number of off-diagonal elements of the double sum is k 2 /2 − k, so for k = 10 5 , that is almost 5 billion computations, which may take several hours to compute on a present-day desktop computer. 
Euler prime product on the critical line
The Euler prime product converges for (s) > 1 or (s) ≥ 1 in case of the Dirichlet beta function, and so it is divergent in the critical strip. Since χ 2 = 1, we note that the internal structure of the Euler prime product (5) on the critical line contains the ζ(1) singularity. We can use Merten's theorem as an asymptotic representation which for the Riemann zeta function leads to
where we distinguish ζ(s) with ζ P (s) to indicate a prime product representation in the critical strip, which is not an analytical continuation of ζ(s). Similarly for the Dirichlet beta function we have
We note that the first term on the left is asymptotic to log(p k ) due to the ζ(1) singularity, however, the second term involving products of cos(t log(p n )) is highly oscillatory. In Figure 1 we plot | ζ P (1/2 + it) | 2 and in Figure 2 we plot | β P (1/2 + it) | 2 for k = 10 3 and compare with the analytically continued representation. The plots become highly oscillatory and erratic, especially when k is increased, but also we observe that nulls form at locations of non-trivial zeros. When one essentially considers the sum of cosine waves with log(n) angular frequencies such as by equation (12), then these nulls form as localized nodes of standing waves. In the case of the Euler prime product representation, these nulls may not approach zero because of the divergence of the second term. In case of an analytically continued representation for ζ(s) or β(s) to the critical strip, such as by equation (11) and (15) respectively, then these nulls approach zero as the non-trivial zeros.
Finally, instead of using the log(p n ) from Merten's theorem as an asymptotic representation of ζ(1) and if instead, we use the asymptotic representation in equation (7), then we can obtain the complex magnitude for equations (45) 
Conclusion
We obtained an expression for the complex magnitude of the Euler prime product representation of the Dirichlet beta function, from which we can generate identities involving π k term for an even and odd positive integer argument. We also obtained an expression for the complex magnitude of the alternating series representation (15), from which we can deduce an expression for the Euler-Mascheroni constant as a function of non-trivial zeros of the Dirichlet beta function on the critical line, which is induced by the solutions of |β(s)| 2 = 0. We also numerically validate the presented results and summarize them in the Appendix section. We also investigated the Euler prime product on the critical line and noted that it contains the ζ(1) singularity. It also contains prime product terms that are highly oscillatory due to a sum of cosine waves with log(p n ) angular frequencies, which at the location of non-trivial zeros appear as nodes of standing waves. The Euler prime product doesn't vanish exactly at the non-trivial zeros, but the null is very strong (at least when one approximates a partial Euler product up to k) where the amplitudes of the cosine waves in the oscillatory product term diverge. Finally, we note that in all of the investigated cases, the complex magnitude induces the ζ(1) singularity on the critical line, which contains the Euler-Mascheroni constant due to either the harmonic series or in case of the Euler prime product, the Merten's theorem.
